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Molecular dynamics simulations are performed on multiwalled carbon nanotubes MWCNTs under
axial compression to investigate the effects of the number of walls and their van der Waals vdW
interaction on the buckling behaviors and mechanical properties Young’s modulus and Poisson’s
ratio. The Brenner second-generation reactive empirical bond order and Lennard–Jones 12-6
potential have been adopted to describe the short-range bonding and long-range vdW atomic
interaction within the carbon nanotubes, respectively. In the presence of vdW interaction, the
buckling strain and Young’s modulus of MWCNTs increase as the number of tubes is increased
while keeping the outermost tube diameter constant, whereas Poisson’s ratio was observed to
decrease. On the other hand, when the MWCNTs are formed by progressively adding outer tubes
while keeping the innermost tube diameter constant, Young’s modulus and buckling strain were
observed to decrease, whereas Poisson’s ratio increases. The buckling load increases with increasing
the number of walls due to the larger cross-sectional areas. Individual tubes of MWCNTs with a
relatively large difference between the diameters of the inner and outer tubes buckle one at a time
as opposed to simultaneously for MWCNTs with a relatively small difference in diameters. © 2008
American Institute of Physics. DOI: 10.1063/1.2890146
I. INTRODUCTION
The remarkable mechanical properties of carbon nano-
tubes CNTs make them ideal candidates for nanomechani-
cal devices and super strong composites.1–16 It has been
reported12 that a mere 1 wt % of CNTs embedded into a
polystyrene matrix would lead to significant increases in the
overall elastic modulus and strength by approximately 35%–
42% and 25%, respectively. In view of such potential appli-
cations, there is a strong motivation to understand their struc-
tural properties.
Owing to their long hollow tubelike structure, CNTs are
very susceptible to buckling. Buckling of CNTs under axial
compression has been a topic of great interest. Numerous
studies on the buckling of CNTs have been carried out by
molecular dynamics MD simulation as well as by con-
tinuum mechanics based equivalent structures such as elastic
beams and cylindrical shells. With the development in com-
puter technology and improvements in the accuracy of inter-
molecular potential functions, MD simulation is by far the
most accepted tool for investigating the mechanical proper-
ties of CNTs. For example, Yakobson et al.5 investigated
axially compressed armchair single-walled CNTs SWCNTs
using MD simulation and the MD simulation solutions are
comparable with those obtained by cylindrical shell models
provided that the mechanical parameters are judiciously
adopted. Cornwell and Wille7 carried out MD simulation to
study the response of a set of armchair SWCNTs and re-
ported that the Young’s modulus and buckling strain were
inversely dependent on the diameter of CNTs. Srivastava et
al.8 performed MD simulation to examine the nanoplasticity
of a zigzag 8,0 CNT under compression and found the
critical stress and Young’s modulus of the CNTs to be
153 GPa and 1.4 TPa, respectively.
In the open literature, it is found that considerable efforts
have been devoted to the study of the buckling behaviors of
SWCNTs by atomistic simulations. However, relatively
fewer studies have been made on multiwalled CNTs
MWCNTs due to the complexity of their structures. Inves-
tigations on MWCNTs normally maintain a constant outer
diameter and inner tubes are progressively added to form the
MWCNTs14,17,18 or maintain a constant inner diameter and
outer tubes are progressively added to construct the
MWCNTs.6,10,11,18–20 For the sake of brevity, we shall refer
to the former category as set 1 MWCNTs and the latter cat-
egory as set 2 MWCNTs. Garg and Sinnott14 ran MD simu-
lations using the reactive empirical bond order REBO
potential21 coupled with a long-range Lennar–Jones LJ22
potential to investigate the indentation of various surfaces by
SWCNT and double-walled CNTs DWCNTs. Their simu-
lations showed that DWCNTs can withstand significantly
higher buckling loads than SWCNTs with the same outer
diameter under identical conditions. The DWCNTs are also
found to be stiffer than the SWCNTs. Liew et al.9 studied the
buckling behaviors of set 2 MWCNTs by employing MD
simulation based on REBO and LJ potential. They found that
the number of walls in the set 2 MWNTs could affect the
buckling loads and strains. The results for triple-walled
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CNTs TWCNTs showed that the outer tube buckled first,
followed by the middle tube, and then the inner tube as the
load increases. Using MD simulation based on the empirical
MM3 potential field and LJ potential, Sears and Batra16
showed that all tubes of TWCNTs with initial perturbation
buckle simultaneously into rippling patterns at the onset of
buckling. Based on the same MM3 potential field, Akita et
al.17 explored the buckling behaviors of set 1 MWCNTs.
Their simulation results showed that the Young modulus is
approximately 1 TPa for all the MWCNTs they simulated
and the buckling force increases somewhat as the number of
walls increases i.e., from SWCNT to TWCNTs. However,
the buckling strain decreases with increasing wall numbers.
The latter observation is in contradiction to the findings of
Garg and Sinnott,14 which showed that buckling strain in-
creases with increasing wall number. Here, we aim to resolve
the contradictory findings. Akita et al.17 also observed that
all tubes of TWCNTs buckled together referred herein as
simultaneous buckling mode, as reported earlier by Sear and
Batra.16 This simultaneous buckling mode was, however, not
seen by Liew et al.9 from their MD simulation results, which
showed that tubes buckled progressively from the outer tube
to the inner one. The present study aims to establish the
different conditions that lead to simultaneous or progressive
buckling mode in MWCNTs.
In addition to the buckling behaviors, the mechanical
properties such as Young’s modulus and Poisson’s ratio have
been intensively investigated using different potential func-
tions. These mechanical properties reported in the literature
are spread over a relatively large range. In their work on set
2 MWCNTs, Lu6 applied an empirical force-constant model
and they found that the Young modulus and Poisson ratio of
the MWCNTs are independent of the wall number, and hence
the outer diameter. In contrast, Liew et al.10 showed that
Young’s modulus of set 2 MWCNTs decreases as the wall
number increases. Natsuki et al.11 used a structural mechan-
ics model based on the universal force field UFF and their
results confirm the observations of Liew et al.10 On the other
hand, Kalamkarov et al.19 found that Young’s modulus in-
creases with increasing wall numbers from the results ob-
tained using the finite element FE model coupled with UFF.
It can be seen that the theoretical studies performed so
far present contradictory results on the buckling behavior
and mechanical properties of axially compressed MWCNTs
with respect to the wall number. The effect of wall number
on the buckling behavior and mechanical properties is exam-
ined closely in this paper to resolve these contradictory re-
sults. Extensive MD simulations for the two aforementioned
sets of MWCNTs are carried out to establish the trends of the
mechanical properties with increasing wall numbers and the
actual buckling mode shapes.
II. COMPUTATIONAL MODEL
The second-generation REBO potential21 is used to de-
scribe short-range bonding atomic interactions. Based on an
earlier version,23 the second-generation REBO potential is
improved by having analytical functions and an expanded
database, which leads to a significantly better description of
chemical and mechanical properties for hydrocarbon mol-
ecules and diamond21,24 that compare reasonably well to
first-principles prediction. Since the cutoff distance of the
second-generation REBO potential is extended to 2 Å, which
is beyond the inflection point of 1.85 Å, the REBO potential
can correctly reflect the bond formation and breakage be-
tween the atoms.24 The REBO potential is expressed as
Eij
REBO
= VRrij − bijVArij , 1
where VR denotes the interatomic repulsion core-core, etc.,
VA the attraction from the valence electrons, rij the distance
between pairs of nearest-neighboring atoms i and j, and bij
the reactive empirical bond order.
In order to model the nonbonding vdW interaction
within and between the SWCNTs, the original Brenner
REBO potential energy in Eq. 1 is extended by adding a
long-range LJ 12-6 potential. Thus, the total potential energy
Utot is given by
Utot = 
i=1
N

ji
Eij
REBO + EvdW , 2
where N is the number of total atoms in the system and EvdW
is the energy due to vdW interaction and is only nonzero
after the short-range Brenner potential vanishes. EvdW can be
evaluated as25
EvdW =  0, rij  rsc3,krij − rk3 + c2,krij − rk2, rs  rij  rm
ELJrij , rm  rij  rb,

3
where cn,k are cubic spline coefficients and rs=2 Å, rm
=3.2 Å, and rm=10 Å. ELJ is defined as the LJ 12-6
potential22 with the following expression:
ELJ = 4	 
rij

12 − 	 
rij

6 , 4
with a well-depth energy of =4.203810−3 eV and an
equilibrium distance of =3.37 Å.
In the present work, MD simulations are performed on
the two sets of MWCNTs under axial compression. The
length of the CNTs in the simulation is approximately 60 Å.
The fifth-order Gear predictor-corrector integration scheme
is employed in the numerical integration with a time step
size of 1 fs. The compression of CNT is achieved by apply-
ing external displacement to the atoms at the top end along
the axial direction. Subsequently, the whole tube is relaxed
by a velocity damping method26–29 in order to reach a new
equilibrium state while keeping the two ends restrained.
III. EFFECTS OF VDW INTERACTION IN
SWCNT
In general, the covalent bond among adjacent carbon
atoms is the dominant interaction in SWCNT, whereas the
vdW nonbonding interaction is small when compared with
the bonding interaction. Most of the MD simulations on
SWCNT adopt the short-range Brenner REBO potential and
neglect the long-range vdW interaction. The effect of the
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vdW interaction in SWCNT was first analyzed by Bao et
al.30 using the extended potential energy Utot as shown in Eq.
2. Their simulation results showed that the inclusion of the
vdW interaction in SWCNTs leads to a higher potential en-
ergy with a percentage difference of 3.2%. Hence, they con-
cluded that the vdW interaction in SWCNT cannot be ne-
glected. However, as demonstrated by Liew et al.10 in the
analysis of SWCNT under tension, the tensile force against
tensile strain curves with and without vdW interaction are
almost coincident with each other, albeit the presence of
vdW interaction leads to a slightly lower strain energy at
high axial strains. It seems that the contribution of the non-
bonding vdW interaction to the total strain energy and tensile
force is not significant.
In order to assess the effect of vdW interaction in
SWCNT under compression, we perform MD simulation on
the armchair 20,20 SWCNT. The compressive force and
strain energy per atom as a function of axial strain are de-
picted in Figs. 1a and 1b, respectively. It can be seen from
Figs. 1a and 1b that the difference between the results
with and without vdW interaction is rather small. The force
and strain energy are slightly enhanced due to the presence
of vdW interactions. Based on these results, it is concluded
that vdW interaction is not crucial for single SWCNT under
mechanical deformations such as tension and compression
and can be neglected for the sake of computational effi-
ciency. In the following MD simulations, the vdW interac-
tion is excluded for SWCNT but is included for MWCNTs.
IV. BUCKLING BEHAVIORS OF MWCNTS
In this present study, we carry out MD simulations on
the two sets of MWCNTs under axial compression to exam-
ine the effects of the wall number on their buckling behav-
iors. For set 1 MWCNTs, we analyzed the 20,20 SWCNT,
15,15 / 20,20 DWCNT, 10,10 / 15,15 / 20,20
TWCNT, and 5,5 / 10,10 / 15,15 / 20,20 quadruple-
walled CNT QWCNTs with a common outer diameter. For
set 2 MWNTs, the 5,5 SWCNT, 5,5 / 10,10 DWCNT,
5,5 / 10,10 / 15,15 TWCNT, and 5,5 / 10,10 /
15,15 / 20,20 QWCNT with a common inner diameter
are considered. Note that if one inserts a 5,5 SWCNT into
a 20,20 SWCNT, one does not get a DWCNT as the walls
are too far apart for any vdW interaction; thus, the two tubes
behave as two independent SWCNTs.
A. Buckling of set 1 MWCNTs
The simulation results show that the curves of the result-
ant force and the strain energy per atoms against axial strains
are similar before buckling for all the CNTs except for the
QWCNT. Here, we present the force and strain energy curves
versus axial strain of the 15,15 / 20,20 DWCNT in Figs.
2a and 2b for the sake of illustration. The first regimes of
the plots in Figs. 2a and 2b correspond to the almost
homogeneous compression of the tubes prior to the buckling,
in which the resultant force acting on the CNTs increases
approximately linearly with respect to the axial strain, as
shown in Fig. 2a, and the strain energy per atom follows
closely a quadratic function of the strain, i.e., Uzz
2 in
accordance with Hooke’s law. The strain energy per atom is
determined as the difference in total energy per atom of the
strained and unstrained CNTs. From Fig. 2a, the force act-
ing on the inner and outer tubes in the 15,15 / 20,20
DWCNT reached the peak values simultaneously. Therefore,
it is expected that the inner and outer tubes buckled together,
as shown in Fig. 3b. The buckling morphologies of the
SWCNT, DWCNTs, and TWCNTs with a constant outer di-
ameter at their corresponding buckling strain are shown in
Fig. 3. It is found that all individual tubes in MWCNTs buck-
led together at the same strain level. This simultaneous buck-
ling mode can be explained in a similar manner as the defor-
mation shapes of MWCNTs under bending.31 Take the
15,15 / 20,20 DWCNTs as an example. The diameters of
the individual 15,15 and 20,20 SWCNTs are close and
thus the vdW interactions between them are significant. The
vdW forces bind the inner and outer tubes together so that
they deform together. In addition, it can also be observed
from Fig. 3 that the TWCNT experiences larger deformation
than the DWCNT and SWCNT since it buckles at a higher
buckling strain. For the thick 5,5 / 10,10 /
15,15 / 20,20 QWCNT, the diameter of the innermost
FIG. 1. Variation of force and strain energy with re-
spect to axial strain for SWCNT 20,20 under com-
pression with and without vdW interaction.
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tube is much smaller than that of the outermost tube with the
difference ratio between the two diameters being 75%. The
smaller diameter results in a higher buckling strain.7,9,15
Therefore, the inner tube keeps its cylindrical geometry with-
out deformation when the outermost tube begins to buckle.
This buckling mode can be termed as progressive buckling.
In QWCNTs, the forces acting on the four individual tubes
increase approximately linearly before the peak values are
reached. The outer three tubes reach the peak values of the
forces at the same strain level followed by the innermost
tube since the difference ratios between the diameters of the
three outer tubes are relatively small, i.e., their diameters are
approximately the same. The buckling morphologies of the
QWCNTs are demonstrated in Fig. 4. It can be readily seen
from Fig. 4 that the three outer tubes buckle first into a
rippling pattern at the buckling strain of zz=0.0386, while
FIG. 2. Color online Relationship between a strain
and force and b strain and strain energy of
15,15 / 20,20 DWCNTs.
FIG. 3. Buckling morphologies of the CNTs: a 20,20 SWCNT at zz
=0.0286; b 15,15 / 20,20 DWCNTs at zz=0.0341; c
10,10 / 15,15 / 20,20 TWCNTs at zz=0.0366.
FIG. 4. Morphology changes for 5,5 / 10,10 / 15,15 / 20,20 QWCNTs
under compression. a before buckling; b at zz=0.0386, the three outer
walls deform together into a rippling pattern; c at zz=0.0393, all the four
walls are deformed.
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the inner tubes remain stable. Further compression at zz
=0.0393 drives the innermost tube into buckling and all the
four walls in the QWCNTs are deformed.
The sensitivity of the buckling behaviors of the CNTs to
the wall number can also be analyzed through the critical
buckling strains and forces. The buckling forces at the buck-
ling strain level that the CNTs can sustain are presented in
Table I. It can be readily seen from Table I that for a given
outer diameter, the buckling strain together with the buckling
force rises with increasing wall numbers due to the increas-
ing vdW interaction between the constituent tubes of the
MWCNTs. It means that by inserting SWCNT into other
CNTs with a larger diameter, the buckling capacity of the
MWCNTs can be enhanced significantly. This point was also
highlighted by Ni et al.32 in their MD simulations of
SWCNTs filled with C60, CH4, or Ne and by Wang et al.33 in
their analysis of axially compressed MWCNTs modeled by
multiple continuum thin cylindrical shells. This characteristic
of MWCNTs makes them promising candidates as superfi-
bers for nanotube-composite materials.
The available buckling forces and strains of the same
CNTs of the same length reported by Liew et al.9 are also
presented in Table I for comparison. It is found that the two
sets of results are in good agreement with each other, i.e.,
with increasing of the wall number, the buckling loads in-
crease accordingly. The small numerical discrepancy may be
due to the different strain rates, energy minimization tech-
niques, and long-range nonbonding vdW energy expressions
used in the MD simulations.
B. Buckling of set 2 MWCNTs
The buckling modes of the 5,5 SWCNT, 5,5 / 10,10
DWCNT, and 5,5 / 10,10 / 15,15 TWCNT are depicted
in Fig. 5. It is found that the SWCNT with a large length-to-
diameter ratio buckles sideway at the highest strain level of
zz=0.0674 as a column maintaining the circular cross sec-
tion throughout the tube. The inner and outer tubes in the
5,5 / 10,10 DWCNT approach the highest force simulta-
neously, as shown in Fig. 2. Thus, they become unstable at
the same buckling strain zz=0.0553 due to the existence of
the vdW interactions. For the 5,5 / 10,10 / 15,15
TWCNT, it is found that the outer two tubes buckled to-
gether into the rippling patterns at the same time at zz
=0.0458 followed by the inner tube at zz=0.0468, as shown
in Figs. 5c and 5d. Progressive buckling is observed for
the 5,5 / 10,10 / 15,15 TWCNT, similar to that of the
QWCNT as shown in Fig. 4. This may be attributed to the
large difference ratios between the diameters of the inner-
most and outermost tubes of the two MWCNTs, which are
75% and 66.7%, respectively. For set 2 MWCNTs, with the
increase in wall number, the difference between the diam-
eters of the inner and outer tubes is increased. Therefore, the
inner tube could remain stable when the outer tubes buckle
even in the presence of the vdW interaction. It can be ex-
pected that this progressive buckling mode can be observed
more clearly for MWCNTs with more tubes added outside a
given inner SWCNT.
The buckling strains and the forces of the set 2
MWCNTs are listed in Table II. From Table II, it is seen that
TABLE I. Buckling loads and strains of set 1 MWCNTs.
CNTs
Buckling load F nN Buckling strain cr
Present Ref. 9 Present Ref. 9
20,20 79.6  0.0286 
15,15 / 20,20 184.0 209 0.0341 ¯
10,10 / 15,15 / 20,20 262.4 273 0.0366 ¯
5,5 / 10,10 / 15,15 / 20,20 307.1 320 0.0392 0.0380
FIG. 5. Buckling morphologies of the CNTs: a 5,5 SWCNT at zz
=0.0674; b 5,5 / 10,10 DWCNTs at zz=0.0553; c
5,5 / 10,10 / 15,15 TWCNTs at zz=0.0458 with the outer two tubes
buckled; d 5,5 / 10,10 / 15,15 TWCNTs at zz=0.0468 with all tubes
deformed.
TABLE II. Buckling loads and strains of set 2 MWCNTs.
CNTs
Buckling load F nN Buckling strain cr
Present Ref. 9 Present Ref. 9 Ref. 34
5,5 62.0 ¯ 0.0674 ¯ 0.0641a
5,5 / 10,10 148.2 172 0.0553 0.0600 0.0599
5,5 / 10,10 / 15,15 229.5 248 0.0468 0.0482 0.0417
5,5 / 10,10 / 15,15 / 20,20 307.1 320 0.0392 0.0380 0.0323
aFrom the Euler beam model.
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adding CNTs outside a given inner tube results in the in-
crease of buckling load due to increasing cross-sectional ar-
eas. However, the increase of the wall number leads to an
opposite change in the buckling strain. The QWCNT pos-
sesses the lowest buckling strain while the SWCNT pos-
sesses the highest one despite the presence of vdW interac-
tions in MWCNTs. The wall number has the reverse effect
on the buckling properties of set 1 MWCNTs and set 2
MWCNTs. For set 1 MWCNTs with a constant outer diam-
eter, the increase of the wall number leads to the enhance-
ment of the buckling strain. On the other hand, it is known
that the buckling strain of the CNTs is inversely proportional
to its outer diameter.7,15 Therefore, the effects of the wall
number and outer diameter on the buckling strain are in op-
posite directions to each other. With the same outer diameter,
the 20,20 SWCNT buckles at zz=0.0286 and the QWCNT
buckles at zz=0.0393. The wall number introduces a per-
centage difference of 27.2% in buckling strain. With the
same inner diameter, the 5,5 SWCNT buckles at zz
=0.0674. This percentage difference is up to −71.5% com-
pared with that of the QWCNT. It is clear from the foregoing
comparisons that for set 2 MWCNTs, the buckling behavior
is more sensitive to the outer diameter than the wall number.
Thus, for set 2 MWCNTs, the outer diameter is increased
with the expanding outer walls, and hence the buckling strain
is reduced. The present simulation results are compared with
those obtained by Liew et al.9 in Table II. It is found that the
present results are in good agreement with those obtained by
Liew et al.9 The slight difference between the results may be
due to the different MD procedures. The buckling strains
also agree with the results obtained by He et al.34 using a
modified shell model, as demonstrated in Table II.
In summary, by progressive insertion of inner tubes into
SWCNTs forming set 1 MWCNTs, the buckling strains are
increased. On the other hand, by progressively adding outer
tubes to a SWCNT i.e., set 2 MWCNTs, the buckling
strains are reduced because of the increasing outer diameter.
For both sets of MWCNTs, the buckling force capacities are
enhanced due to larger cross-sectional areas. The compres-
sive MWCNTs with a relatively small difference ratio in the
diameters of the inner and outer tubes, say, the DWCNT and
the 10,10 / 15,15 / 20,20 TWCNTs, exhibit simulta-
neous buckling. For the QWCNT and the
5,5 / 10,10 / 15,15 TWCNT, due to the large difference
ratio between the inner and outer diameters, the outer tubes
buckle first followed by the inner one, demonstrating a pro-
gressive buckling mode. These two different buckling modes
of both sets of MWCNTs under axial compression are simi-
lar to those observed in the bending behaviors of
MWCNTs.31 Owing to the presence of vdW interactions, no
bond formation is predicted between the tubes.
V. MECHANICAL PROPERTIES OF MWCNTS
The effect of wall number on the mechanical properties
of MWCNTs is presented next.
A. Young’s modulus
Young’s modulus Y can be calculated either by using the
force-strain F-zz relationship as
Y =
F
Azz
5
or by the second derivative of the strain energy as
Y =
1
V0
d2U
dzz
2 6
before the onset of the buckling, where A and V0 are the
cross-sectional area and the volume of the nanotubes, respec-
tively.
As expected, the two different methods furnish Young’s
modulus values that are close to each other. Taking the
20,20 SWCNTs as an example, Young’s modulus assum-
ing that the effective thickness of the tube is h=0.34 nm
given by the above two methods are 0.9996 and 0.9937 TPa,
respectively. This good agreement was also confirmed by
Agrawal et al.35 Throughout this paper, the energy method is
adopted for the calculation of Young’s modulus.
The magnitude of Young’s modulus is strongly depen-
dent on the choice of the effective thickness of the tube. In
the literature, the thickness is usually taken as 0.34 nm, the
interlayer distance of the graphene sheet. Based on this
thickness assumption, the relationship between Young’s
modulus Y and the wall number n is illustrated in Fig. 6a.
From Fig. 6a, it is clearly seen that for a given outer diam-
eter, the addition of inner walls in MWCNTs would lead to a
higher value for Young’s modulus, i.e., Young’s modulus of
the 5,5 / 10,10 / 15,15 / 20,20 QWCNT is highest fol-
lowed by the 10,10 / 15,15 / 20,20 TWCNT,
15,15 / 20,20 DWCNT, and 20,20 SWCNT. As illus-
trated in Table III, Young’s modulus increases from
0.9937 TPa for SWCNT to 1.1118 TPa for DWCNTs, i.e., an
increase of 11.88%. Going from the DWCNT to the
TWCNT, Young’s modulus increases to 1.1135 TPa, i.e., an
increase of 0.15%. It can be seen that Young’s modulus is
dependent on wall numbers in set 1 MWCNTs. The increas-
ing rate implies that the largest increase in Young’s modulus
11.88% in the example occurs from the SWCNT to the
DWCNT. However, subsequent increases in the wall number
result in a smaller increase in Young’s modulus. This trend is
in agreement with the findings of other researchers14,15,18 and
Young’s moduli of the CNTs are within the range of experi-
mental values, 1.28	0.59 TPa.3 The present results are also
close to the predictions of Lu6 Y =0.97 TPa and Cornwell
and Wille7 Y =1 TPa.
Young’s moduli of set 2 MWCNTs are obtained with the
same thickness of h=0.34 nm. The dependence of Young’s
modulus on the wall number is depicted in Fig. 6a and
shown in Table IV. From Fig. 6a, it is obviously shown that
the wall number acts in the reverse way for set 2 MWCNTs
and set 1 MWCNTs. In the case of set 2 MWCNTs, the
increase in the wall number leads to a reduction of Young’s
modulus. Apparently, this is caused by the enlargement of
the outer diameter. For a given inner diameter, the outer di-
ameter of MWCNTs is increased with respect to the wall
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number. It is concluded by numerous studies7,11,15,18,20,35 that
Young’s modulus is inversely dependent on the outer diam-
eter of SWCNT, i.e., a larger outer diameter leads to a lower
Young’s modulus. For example, Young’s modulus of the
20,20 SWCNT as shown in Table III is 0.9937 TPa, which
is smaller than the 1.2853 TPa of the 5,5 SWCNT with a
smaller diameter in Table IV. However, Lu6 reported con-
stant mechanical properties Y =0.97 TPa and 
=0.28 of
SWCNTs with various outer diameters and chiralities. Using
the FE model based on the UFF function, Kalamkarov et
al.19 even showed an opposite dependence of Young’s modu-
lus on the outer diameter. Young’s modulus of the CNTs
increases with increasing outer diameters. Naturally, the
CNTs with a larger diameter would approach the behavior of
a graphite sheet, i.e., Young’s modulus is expected to ap-
proach Y =1.06 TPa due to the fading curvature effect.
Therefore, the CNTs with a smaller diameter possess higher
Young’s modulus as compared with those with a larger di-
ameter. It is found that the wall number and outer diameter
have an opposite effect on Young’s modulus in a similar
manner as that for the buckling strain. For set 2 MWCNTs,
Young’s modulus as well as buckling strain is more sensitive
to the outer diameter than the wall number. Again the depen-
dence of Young’s modulus on wall number for the set 2
MWCNTs is also confirmed by other researchers10,11,18,20 and
the magnitude of Young’s modulus is close to the experimen-
tal values 1.28	0.59 TPa by Wong et al.3 and 1.24 TPa by
Hernandez et al.36 using a tight-binding TB method.
B. Poisson’s ratio
Poisson’s ratio is defined as the ratio of the radial strain
rr and axial strain zz:
v =
rr
zz
=
R
R0
L
L0
, 7
where R0 and L0 are the initial radius and length of the
CNTs, respectively, while R and L are the change of the
radius and length, respectively.
A survey of the literature reveals that although consider-
able efforts have been devoted to the prediction of Young’s
modulus, only a relatively few studies have been made on
the determination of Poisson’s ratio of MWCNTs. The wall
number dependent Poisson ratio of set 1 MWCNTs was re-
TABLE III. Mechanical properties of set 1 MWCNTs.
CNTs
Young’s modulus TPa
h=0.34 nm Poisson’s ratio 

20,20 0.9937 0.3071
15,15 / 20,20 1.1118 0.2396
10,10 / 15,15 / 20,20 1.1135 0.2249
5,5 / 10,10 / 15,15 / 20,20 1.1234 0.2218
TABLE IV. Mechanical properties of set 2 MWCNTs.
CNTs
Young’s modulus TPa
h=0.34 nm Poisson’s ratio 

5,5 1.2853 0.1725
5,5 / 10,10 1.2600 0.2009
5,5 / 10,10 / 15,15 1.1734 0.2148
5,5 / 10,10 / 15,15 / 20,20 1.1234 0.2218
FIG. 6. Color online Variation of Young’s modulus
and Poisson’s ratio with respect to wall number in
MWCNTs note that the numbers in the parentheses
denote the indices of the constituent CNTs in MWCNTs
from inner to outer walls.
053505-7 Zhang, Wang, and Tan J. Appl. Phys. 103, 053505 2008
ported by Shen and Li.18 They found that Poisson’s ratio of
the MWCNTs with the same 50,50 outer tube decreases as
the wall number increases and this sensitivity becomes obvi-
ous for long CNTs. Our simulation results based on the
REBO potential also show this trend.
As an illustration, the scatter plot for the radial strain
versus axial strain for the 20,20 SWCNT is shown in Fig.
7. Poisson’s ratio can be obtained by performing a linear
regression analysis37 which produces a least squares best-fit
straight line through the sample points. According to the
definition of Poisson’s ratio, the slope of the line represents
the Poisson’s ratio. The degree of linearity is quantified by
the strength of correlation between the x and y coordinates of
the sample points, known as the correlation coefficient . For
all the CNTs,  is larger than 0.94, which indicates a strong
linearity in terms of rr-zz. Poisson’s ratios for set 1
MWCNTs are presented in Table III and Fig. 6b. As shown
in Fig. 6b, Poisson’s ratio decreases from 0.3071 to 0.2218
with increasing wall numbers. This finding is in qualitative
agreement with the molecular mechanics results of Shen and
Li.18 Poisson’s ratios are comparable with the results re-
ported by other researchers. For example, Hernandez et al.36
employed a TB method to simulate a series of SWCNTs and
obtained Poisson’s ratio of =0.262. The MD simulation re-
sults based on the Brenner potential function by Shintani and
Narita38 showed that Poisson’s ratios of the SWCNTs varied
from 0.23 to 0.29. Poisson’s ratio given by Lu6 with an em-
pirical force-constant model is about 0.28.
Poisson’s ratios of set 2 MWCNTs are plotted in Fig.
6b. It can be seen that they increase from 0.1725 to 0.2218
with increasing wall numbers. With increasing wall numbers,
the outer diameter of the set 2 MWCNTs increases accord-
ingly. This leads to a slight increase in Poisson’s ratio. This
relationship between the outer diameter and Poisson’s ratio is
also addressed by Hernandez et al.36 and Portal et al.39 using
the TB method and ab initio calculations, respectively. The
magnitudes of Poisson’s ratio fall within the range of the
results reported in the literature.5,6,36–39
In summary, for set 1 MWCNTs, the increase in wall
number leads to an increase in Young’s modulus but a de-
crease in Poisson’s ratios. However, the increase in wall
number in set 2 MWCNTs leads to a reduction in Young’s
modulus but a slight increase of Poisson’s ratio since the
reverse effect of the outer diameter becomes dominant.
VI. CONCLUSIONS
MD simulations have been carried out on axially loaded
MWCNTs to investigate the effects of the wall number and
outer diameter on the buckling behavior and mechanical
properties of MWCNTs. From the simulation results, it is
found that the wall number and outer diameter have opposite
effects on the buckling behavior and Young’s modulus of
MWCNTs. Increasing the wall number of MWCNTs while
maintaining a constant outer diameter leads to an increase in
the buckling strain and Young’s modulus but a reduction in
Poisson’s ratio. In contrast, the buckling strain and Young’s
modulus of MWCNTs are reduced but Poisson’s ratio is in-
creased if the wall number is increased while keeping the
inner tube diameter constant. This is mainly due to the re-
verse effect of having a larger outer diameter.
For MWCNTs with a relatively large difference between
the diameters of the innermost and outermost tubes, the tubes
buckle one after another under axial compression, whereas
the nanotubes in MWCNTs with a small difference in tube
diameters buckle simultaneously. It is believed that the
present study may clear the confusion in the findings re-
ported in the literature.
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